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Abstract

The suggestion by Sharp et al. (Biochemistry 30 (1991) 9686) that a volume correction should be made to the
standard chemical potential of a non-polar solute molecule in water is examined by re-deriving their results using an
exact statistical mechanical procedure and comparing them with those of a couple of other similar schemes. It is
shown that their suggestion is equivalent to choosing a standard state based on the ideal gas behavior.
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1. Introduction

In a reeent article, Sharp et al. (1] argued that
the expression for the ‘unitary’ free energy of
transfer of a solute molecule into a dilute solu-
tion should include a volume correction term r,
which is the ratio of the volume of the solute
molecule to that of the solvent molecule. The
same term appears in the Flory-Huggins theory
of the entropy of polymer chain configurations
[2-4] and in Hildebrand’s free volume theory
'[5,6]. More recently, Lazaridis and Paulaitis [7]
found that the same term appears in their expres-
sion for the partial molar entropy of a non-polar
solute in water, which was derived entirely inde-
pendently from the development of Sharp et al.
or the other earlier theories.

Although the suggestion by Sharp et al. is
controversial [8,9], the occurrence of the same
term in these diverse theories requires an expla-
nation. In this article, I suggest that the appear-

ance of this term is related to the choice of the
ideal gas as the reference.

2. Theory and results

Neglecting the internal and the orientational
degrees of freedom for simplicity, write the
canonical partition function of 2 binary mixture
of N, and N, molecules in volume V" at tempera-
ture T as

VN
o=T1 N (1)
4 [Adeiar 4
where
h
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and
Z=(1/y Mty [e~U/AT 4 X, dX,. (3)

In these expressions, & and k are the Planck’s
and the Boltzmann’s constants, respectively, U is
the total potential energy of the system, and m,
and X; are, respectively, the molecular weight
and the position vector of all N, molecules of
species i. The Helmholtz free energy, A4, can be
written as a sum of two terms,

A=-kTIn Q=A4"+4, 4)
where
A'=~-kTIh Z, (&)

which we will refer to as the ‘standard’ free
energy and

A'=—kT n(Q/Z), (6)

which is the remainder. Using Sterling’s approxi-
mation, this term becomes

A =kTENfin(p,A2) -1], ™

where p; = N,/V is the number density of species
i. The ‘standard’ free energy A° is the non-ideal
part that goes to zero when U goes to zero. The
ideal part A' is equal to the Helmholtz free
energy of the system after the interaction U has
been turned off under the constant volume condi-
tion.

The entropy can also be written as a sum of
two terms,

= —(04/0T)p=5"+¥", 8)
where
§*=—(34°/3T)y 9
and
§'= - (24/3T)y= ~k LN[in(p, £) - 5/2).
(10)

Although these expressions were derived using
the canonical ensemble, the final expressions are
true for any system in thermodynamic equilib-
rium, including those that are represented by an
N—p-T ensemble, provided that the volume is
now the equilibrium, average volume rather than

the precise volume of the canonical ensemble. As
clearly spelled out by, for example, Hill [10], this
is because fluctuations about the mean value are
so small for a macroscopic system that there is
never any practical difference between the pre-
cise and the average values of a macroscopic
variable. For example, Eq. (10) is the well-known
Sackur-Tetrode equation for the translational
entropy of an ideal gas [11] as applied to the
mixture. The chemical potential of species 2,
which we will consider to be the solute, is given
by

ko= (3G /ON,) 7, = (3A/ON,) 1= 5 + M3,

(11)
where
py= (0A4°/0N,) 1y (12)
and
Wy = (34 /0N,) 7, = kT In(p,43). (13)

In these and most other partial derivatives in the
rest of this paper, the number of solvent molecule,
N,, is kept constant, but the subscript N, on the
partial derivatives is suppressed for the sake of
notational simplicity. % is Ben-Naim’s [12]
pseudo-chemical potential and is equal to the
work of inserting a single solute molecule at a
fixed position in the liquid. u/, is what Ben-Naim
[12] called the ‘liberation’ free energy and is
equal to the free energy change when the solute
molecule is released from the fixed position in
the liquid.

Now consider the change in entropy upon ad-
dition of a solute molecule under the constant
pressure. This entropy change can be derived in
either of two ways: one could (a) first calculate
the entropy and then take its derivative with
respect to the number of solute molecules or (b)
first calculate the chemical potential of the solute
and then take its temperature derivative, i.c.

8s 3 (3G
AN aNz( aT)Nz,,, -

9 [ G
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Using Eqgs. (8), (9), and (10), procedure (a) gives

s, =855 +5y, (15)
where
S5° o5 16
2 = 51’\,: - ( )
and

3y’ ) ( 3 0w,
si=l—] =-k|ln(p,A3)-=-—=
1= (), Aty -3 -

(17)

where

v 8
U2= BNZ T.p ( )

is the partial molar volume of the solute species
and

v 19
N, +N, (9

is the molar volume of the system. The v, /v term
in Eq. (17) arises from the differentiation of the
system volume, V, which is in the denominator of
p; in Eq. (10). This term measures the entropy
change due to the change in the volume of the
system that occurs when a solute molecule is
added under the constant pressure condition.
Similarly, using Egs. (11), (12), and (13), proce-
dure (b) gives

s=83" +57, (20)
where
ey
sp= (_) %
2 aT Nz,p ( )
and
a ]
e[, sttt
(22)
where

is the thermal expansion coefficient of the sys-

tem. The a7 term in Eq. (22) is analogous to the
v,/v term in Eq. (17) in that it arises from the
differentiation of ¥ which is in the denominator
of p, in Eq, (13). Unlike the v,/v term, however,
this term measures the entropic component of
the ‘liberation’ free energy that is due to the
non-zero temperature-dependence of the volume
of the system.

Comparing Eqgs. (17) and (22), it can be seen
that the two procedures do not yield an identical
result. If the system is an ideal gas mixture,
aT=v,/v=1 and the two results are the same.
However, a of a dilute aqueous solution will be
practically equal to that of the pure water, in
which case a = 0.257 per 1000°C [13] and aT =
0.077 at room temperature, whereas v, /v is much
larger than unity for common non-polar molecules
[1]. Since Eq. (14) holds, the total entropy change
is the same whichever procedure is followed. This
means that 53° and s;” are generally different
also. Thus, the same total entropy is divided
differently into the ‘standard’ part and the re-
mainder by procedures {a) and (b).

The enthalpy change upon addition of a solute
molecule under constant pressure can be ob-
tained by the relation

hy=p,+Ts,. (23)
From (13), (17), and (22), one obtains

3
h';=kr(5+7) (24)
and
Wy =kT(3 +aT). (25)

Since the a7 and v,/v terms appear in both the
entropy and the enthalpy expressions, these are
‘compensation’ terms, i.c., they affect the stand-
ard state values of the entropy and enthalpy, but
not that of the free energy.

The dissection scheme proposed by Sharp et
al. [1] is similar, but not identical, to the proce-
dure (a) above. In effect, they consider the pro-
cess of inserting a solute molecule under constant
pressure in three steps as follows (Fig. 1): (I) The
solution with N; molecules of solvent and N,
molecules of solute is converted into the ideal gas
mixture by turning off the intermolecular poten-
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Fig. 1. The three-step decomposition of the solute insertion
process according to Sharp et al. [1]. The original process (IV)
is insertion of one solute molecule in a solution that consists
of N; molecules of the solvent and N, molecules of the solute
species (upper left box) under the constant pressure, p,,
resulting in a solution with N; and N, +1 solvent and solute
molecules, respectively (lower left box). The volume has in-
creased from V¥ to V' =V + v,, where v, is the partial molar
volume of the solute. The same process can be accomplished
in three steps, (1), (I1), and (II1). In step (I) the interaction
potential among all molecules is turned off under the constant
volume condition. The resulting system (upper right box) is an
ideal gas at a pressure p,, which will be more than 1000 times
p;. Step (I1D) is defined as a reverse of step (I), except that it
applies to the final solution of N;+ N,+1 molecule system.
The pressure, Py of the ideal gas system with N; + N, +1
molecules (lower right box) is generally different from that
with N; + N, molecules (upper right box). For example, if the
solute is of larger size than the solvent, addition of a solute
molecule reduces the number density of the system and the
pressure drops. Step (II) is defined as the process of conver-
sion between these two ideal gas systems.

tial under constant volume, V. (II) The number of
molecules N, is increased by one and the volume
of the system is increased to that of the final real
solution, ¥’. Generally, the pressure of the sys-
tem also changes by this operation since the
composition of the mixture is changed. If the
solute molecules are larger in size than the sol-
vent molecules, the number density, and the pres-
sure, will decrease. (IT1I) Finally, the intermolecu-
lar potential is turned back on, again under the
constant volume condition. The chemical poten-
tial and the partial molar entropy, enthalpy, and
other thermodynamics quantities of the solute are
again written as a sum of two terms; the ‘stand-
ard’ part which is the sum of the changes associ-

ated with steps (I) and (III) and the non-standard
part which consists of the change in step (II).

In order to calculate the thermodynamic quan-
tities associated with step (II), we proceed as
follows. The Helmholtz free energy of the ideal
gas species involved is given by Eq. (7). Since this
system obeys the ideal gas law, pV' = kTLN,, the
Gibbs free energy is given by

G =A+pV=kTYN, In(p;A43). (26)
The change in this free energy upon step (II) is
WE=G'(Ny, Ny+ 1, V') =G/ (N, N, V)

14 Ny+1
=kT|(N, +N,) ln( ) +N, In
2
Ny+1
+ln( ZV Ag)
Uy
sz(——U- +1+4 m(pzAg)), (27)

where the superscript ¢ indicates the dissection
scheme of Sharp et al. In the last step of this
derivation, we used the fact that V' =V 4 p, and
assumed that In(1 +v,/V)=v,/V and that In(1
+1/N;) = 1/N,. Also, although (N, +1)/V’ is
the number density of the solute after the inser-
tion, which is not identical to that before the
insertion, we assume that the system is so large
that addition of one solute molecule does not
appreciably change the bulk property of the solu-
tion. The entropy of the ideal gas species in this
scheme is still given by Eq. (10). The change in
entropy upon step (I} is, therefore,

sy =8 (N,N,+ 1.V'") ~ S (N;,N,,V)

|4 N, +1
k|(N, +N2)ln( )+N2 In
N,
(N2 + 1 ) ]
—k(——+1+ln(p2A )——) (28)
The enthalpy change is then given by
=y + Tsy = (5/2)kT. (29)
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The expression for the entropy change, Eq. (28),
is identical to that for procedure (a) given in Eq.
(17). However, the v,/v term is not a compensa-
tion term in this dissection scheme since it ap-
pears in the expression for the free energy change.

3. Discussion

In the previous section, three similar but dif-
ferent ways of defining the standard state quanti-
ties were described. Scheme (a) is theoretically
the most straightforward. The v,/v term appears
in the entropy expression, Eq. (17), of this scheme
for the same reason as it does in the partial molar
entropy expression of Lazaridis and Paulaitis [7].
Scheme (b) is the one advocated by Ben-Naim
[12]. Scheme (c) is that proposed by Sharp et al.
[1] and has the v,/v term appear in the free
energy expression, Eq. (27), as well as in the
entropy.

Which of these schemes should one use? In
considering this question, we note first that the
volume correction term v,/v, or the analogous
akT term in scheme (b), does not affect the total
entropy or the total free energy — it only affects
the dissection scheme by which the same total is
divided into the ‘standard’ part and the rest.
Therefore, to the extent that the choice of the
standard state is equivocal and ultimately a mat-
ter of convention and standardization, the debate
as to whether the volume correction term should
be included in the standard thermodynamic
quantities must be settled, not in terms of being
correct or incorrect, but in terms of the conve-
nience and usefulness of the ‘standard’ quantities
that result from a particular dissection scheme.

The dissection scheme given by the Egs. (4) to
(7) is natural from the theoretical point of view
since it separates out the part that depends on
the interaction energy U, and therefore difficult
to compute, from the remainder, which is easy to
compute. The part that is easy to compute hap-
pens to be the free energy of the ideal gas since it
lacks the interaction energy term. Thus, a more
physical interpretation for the dissection scheme
defined by the Eqgs. (4) to (7) is that the non-
standard part represents the free energy of the

associated ideal gas system and that the standard
part is the difference between the real and ideal
free energies. The dissection of entropy given by
Egs. (8) to (10) is consistent with the free energy
dissection and can be given similar ideal gas
interpretation. It can be noted that the volume
correction term v,/v appears explicitly in the
partial molar entropy expression in schemes (a)
and (c), because both of these procedures start
from the ideal gas entropy expression, Eq. (10).

In such an ideal gas-based dissection scheme,
it is obviously important to precisely specify the
procedure by which the associated ideal gas sys-
tem is obtained. According to Egs. (4) to (7), the
associated ideal gas is defined for each system as
that which results when the interaction energy U
is turned off under the constant volume condi-
tion. This definition makes this ideal gas system
to behave slightly differently from an ordinary
ideal gas, particularly with respect to an increase
in N,. For example, when N, is increased by one
under the constant temperature and pressure, the
Gibbs free energy of an ordinary ideal gas mix-
ture increases by x' given by Eq. (13). However,
the change in N, of the ideal gas associated with
a real system generally does not occur under the
constant pressure; it occurs according to Fig. 1,
which requires that the pressure (as well as the
volume) of the gas change unless it is associated
with a pure liquid. Therefore, the free energy
change under constant pressure is not relevant
for this system. The relevant free energy change,
one that is consistent with the definition of the
associated ideal gas as implied by the dissection
scheme of Eqs. (4) to (7), is in fact given by Eq.
(27). Thus, if the standard state is to be chosen
on the basis of the ideal gas behavior, one must
chose the procedure of Sharp et al. [1] and in-
clude the volume correction term in the chemical
potential as in Eq. (27).

On the other hand, Ben-Naim [12] showed that
the dissection scheme of Egs. (11) to (13) can be
interpreted in a totally different way, without
using the notion of the ideal gas at all. Thus,
Ben-Naim considers dissolving a solute molecule
in two actual, non-ideal steps. In the first step,
the solute molecule is inserted at a fixed point in
the solution. The second step consists of releasing
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this solute molecule into the bulk of the solution.
He then demonstrated that the work of the first
step is given exactly by u% of Eq. (12) and the
work of the second step by i/, of Eq. (13). Thus,
Ben-Naim’s dissection scheme corresponds to the
dissection of the insertion process into two real
(non-ideal) processes. Since what is dissected is
the insertion process, the first quantity dissected
is the change in free energy upon the insertion
process. Total quantities are not dissected and
quantities such as A4°*, 4, §°, and §’ do not have
much physical meaning in this dissection scheme.
The enthalpy and entropy changes associated with
each of these two steps must be obtained by the
temperature-dependence of the respective u,’s.
Although procedure (a) appears to be the most
straightforward, above analysis indicates that it is
in fact the least physically meaningful. We there-
fore compare only the procedures (b) and (c) in
the following. Comparing Egs. (22) and (28), since
v,/ is larger than «T (see the previous section),
procedure (c) assigns larger values to the non-
standard part of the entropy than procedure (b).
This is understandable since entropy should in-
crease more when a new particle is released into
an ideal gas system than into the real (crowded)
liquid. The standard entropy change is corre-
spondingly smaller when the dissection scheme
(c) is used than when (b) is used. Comparison of
the enthalpy changes is also illuminating. The
(3/2kT portion of the enthalpy changes given in
Egs. (25) and (29) is the translational energy of
the newly released particle. The remainder is the
pV change, which is equal to a7k7 in both
procedures. The difference is that « is the ther-
mal expansion coefficient of the real solution in
(b) whereas it is for the ideal gas in (c), in which
case a=1/T. Again, since aT =0.076 for the
dilute aqueous solutions at room temperature,
the non-standard part is larger in (c) than in (b)
and the standard part is correspondingly smaller
in (c) than in (b). The difference in the free
energies, as given by Eqs. (13) and (27), is given
by the difference between these two effects (en-
thalpy minus entropy). Since v,/v is larger than
unity for most solute species of interest, the non-
standard part is smaller, and the standard part
larger, when procedure (¢) is used than when (b)

is used. Thus the increased hydrophobicity in the
case of the dissection scheme (c), as indicated by
the larger value of p*, is due to the v,/v term,
which in turn originates from the fact that the
reference procedure in this dissection scheme is
the insertion of the solute into an ideal gas,
rather than into the (crowded) real solution.

Because of the large differences that exist be-
tween an ideal gas and a real liquid, use of the
ideal gas behavior as the reference can be mis-
leading, except in certain special situations such
as the polymer theory of Flory~Huggins. For
example, it is easy to assume that the ideal gas
entropy given by Eq. (17), with or without the
v, /v term, represents the translational entropy of
a species in the system. However, the transla-
tional entropy of a real system clearly depends on
the interaction energy among the molecules and
is not given by a formula that applies to the ideal
gas. In the case of the pure hard sphere liquid
that obeys the equation of state by Carnahan and
Starling [14], it can be shown (unpublished result)
that the molar entropy of the real system is less
than that of the ideal gas of the same molar
density and temperature by

as=r[e@4-36) /-8, (30)

where R is the gas constant and ¢ is the volume
packing density defined as (w/6)d*p where d is
the diameter of the hard spheres and p is the
number density of the liquid. The value of the
term in the square brackets in Eq. (30) is 5.4
when ¢ is 0.517, which is the estimated volume
packing density for cyclohexane [15], and 2.6 when
£ is 0.363, the corresponding value for water [15].
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Discussion to the paper by B. Lee
Comments

By A. Ben-Naim

(1) “The debate as to whether the volume
correction term should be included in the stan-
dard quantities must be settled not in terms of it
being correct or incorrect but in terms of the
convenience and usefulness...”

In my opinion this is not the issue. One can, of
course, chose different standard states for conve-
nience or usefulness. However, the “volume cor-
rection” suggested by Sharp et al., was added to a
specific definition of the solvation Gibbs energy.
As such their “corrected” solvation Gibbs ener-
gies are simply incorrect.

By M.E. Paulaitis

If the solute is present at infinite dilution, then
the thermal expansion coefficient in Eq. (22) is
the thermal expansion coefficient for pure water,

and the aT term in this equation will not depend
on properties of the solute. In contrast, the infi-
nite-dilution partial molar volume in Eq. (17)
depends on both the isothermal compressibility
of pure water as well as solute~water pair corre-
lations, as given by the Kirkwood-Buff expres-
sion, and therefore does depend on solute prop-
erties, However, as you point out, the v,/v term
in Eq. {(17) accounts for the entropy change asso-
ciated with the one particle or “liberation” en-
tropy of the solute (ie. —k In pA?) due to the
volume change for solvation. Therefore, I con-
clude that neither of these terms would corre-
spond to that part of the free energy of solute
transfer that Honig and co-workers hypothesize
depends on the molar volumes of the solute and
solvent, and can be separated from a contribution
that depends on the accessible surface area of the
solute. In other words, your analysis does mnot
appear to explain the basic, general hypothesis of
Honig and co-workers; i.e. that there exists sepa-
rable volume and surface area contributions to
transfer free energies for hydrophobic solutes.
Please comment.

Responses by B.K. Lee to Comments

To A. Ben-Naim

I do not believe that Sharp et al. [1] ever
defined the term “solvation Gibbs free energy”
precisely. But, perhaps the authors of Sharp et al.
[1] can better reply to this comment.

To M.E. Paulaitis

I believe that the basis for suggesting that
there is a volume term in the expression for the
transfer free energy, at least according to ref. [1],
is essentially the one given by Eq. (28), i.e. Sharp
et al. did not propose anything more or less than
the volume term in Eq. (28). It is possible that
they implied more than this in other publications,
but not in ref. [1]. Perhaps Dr. K. Sharp and /or
Dr. B. Honig can comment further on this.



